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4 March 2020 Lecture 16

Entanglement entropy at ft

Before resuming our discussion of the

monogamy paradox , clarify what we

have shown .

g.
t

a *

If we assume@ that the full UV theory .

shares

low-energy properties of the low-energy theory
" e -that

is,s,
= legs} > Lfs

'

}l EA -a



and we assume a positive and real spectrum
For the Hamiltonian of the full UV theory
then :

all information about the state is available
at et

all information about the state is also
available at SI [ future boundary of
past null infinity . ]

What we have not shown

a) full UV theory is well-defined

b) information at TI is same as information
at Lt .



For instance
, yesterday we discussed global

symmetries [in low - energy
tests .]

It may happen that such theories are

in the " swampland .

"

our discussion does not tell us whether
or not this is the case .

'

Almost all recent discussions [at least

in the string theory literature] take this

perspective
"
we assume there is a consistent OV - complete

unitary theory that obeys a.M .
and

then explain 10033701 paradoxes about
black holes

.

' '



These discussions are interesting because

they provide us with interesting
broader physical lessons about quantum
gravity .

eg . the principle of holography of information
is independently interesting .

Even independent of black holes , it tells
us that quantum gravity localizes

information
in surprising ways .

This is also easier to check experimentally
than unitarily of black hole evaporation!



Monogamy paradox

Yesterday we discussed how
,
if one insists

that the Hilbert space factorizes
,
one can

construct a monogamy paradox even in
empty Ads .

So this
"

toy paradox
" tells us that

if we insist that information in gravity
must be localized like LQFTS

,
we run

into paradoxes . even in empty space .

We can explicitly construct a monogamy
paradox about black holes by
making the same mistake

.



Let It> be a black hole state .

For concreteness consider a small black
hole in Ads

Then we can use our construction to

find operators A
, B near the

horizon - so that

t.tl CABIN 72

Now in this case we can again find operators
near infinity so that

2107 = 147 QB
,

to> = IBD

QB
,

to> = 1B ,
> E)Bi> = Bi IND



The difference with empty space is that
these are very complicated operators.

We only have an existence proof .

Then we can construct

IBI>Ltl = QB
;

Post

It > <Bit = Q Po Qi
;

IBI > <Bit = QB
;
Po QB?

It >at = Q Po
t



y
Expiration

values

and then construct
n
state H>

Ci = IBI >Ltt t It > <Bil - <Bi> ft>At - lBiKBil)

x I

<Bi> - LB:P

These operators again have bounded norm

and

Ci It> = Bi It)

SO

L -Cac > = < CAB>

so
< Cao5 t < CAB'T 78 !



Entanglement Entropy at ft

we now turn to another interesting question.

Consider a segment of null infinity

/
4=40

\u= -2

IF we think of It as a Cauchy slice
,
we



can ask about the von Neumann

entropy of the segment C-a
,
Uo)

Formally ,
this is defined as follows .

Say the system is in some state It)

we consider the algebra of operators
in C - O , Uo) : Ayo

We look for an operator

so that
P C- Ayo

tr Cpo ) = 2410119
,
70 C- Ayo



In the simple case where the Hilbert

Space factorizes ,

H = Hsgs ④ ttsgs
it is easy to see that this coincides
with the

"

partial trace
"

.

Explanation

say we have a state It> E H

Then p= to It>
Ltl is an operator p :Hsys→Hsgs

ttsys
a) so p E Algebra of operators in Hsys

Also trcpo) = 2410147
,
For any O : Hsys→Hsys"

properties Ca) and④ uniquely fix p .



Derivation of independence of Ud

Lets return to the entropy of the

segment C - d
, Uo) of 9T

,

UO UO

-o - * -a



We can define an algebra of operators
from C -d

, Uo) : Auo

Let b le an operator from this

algebra with the property

Er Cbo) = do>

For any 0 in Ayo

But we showed that any operator at
a larger value of u could be approximated
by operators in C- o , )



So we can always choose

b E A
- a

independent of Uo!

This suggests that s = - Er Cblnb) is
idependent of Uo

÷



Some remarks:
-
-

a) In general, we should expect a constant
"because we have not accounted for
massive particles .

so even if the global state is pure , we

first need to trace
'

over them and
obtain a mixed state for massless

particles .

b) This is in contrast to the conventional

page curve

4€



We will turn to the perspective that

emerges from the island proposal later .

First we explain some of the physics
of this flat page curve

.

We would like to address the question :

"

why can we meaningfully speak of a

Page curve for ordinary objects like
coal but not for black holes .

"

The following discussion is SUGGESTIVE

we will make some interesting observations
but also describe potential loopholes!



BEGIN SUGGESTIVE PART

Black holes vs coal

The PHOI tells us that even

for coal
.
the information is accessible

before the coal burns

:
observers

coal

But there is
a very important

distinction!

There is a clear sense in which we expect
the E.E .

of radiation From coal to follow a Page curve .



The distinction is that to determine the
state of the interior of coal using
gravitational effects ,

we need to make

measurements to an accuracy controlled

by 2. G . effects .

E E ~ energy scaleO C
-µpg ) '

of observations.

We can consistently take a limit where

Mpe → d but the entropy of the coal
remains finite .

On the other hand
,

to determine the
microstake through direct measurement

requires an accuracy

of
- s)

[ Recall our previous discussion
.]



In the limit above
,
it is clearly easier

to directly measure the radiation rather
than using Q - f .

effects to determine
the state of the coal .

On the other hand
,
such a limit

does not exist in any obvious
'

way
For black holes .

For a black hole
Z

s - (Epe)
where E n typical energy of Hawking
quanta .



So there is no obvious hierarchy of

difficulty between determining the microstake

using these effects and by
"

collecting"
the Hawking radiation .

F-mph: doesn't mean such a hierarchy
doesn't exist ! Just that it

Mey net exist .



Small Ads Black Holes

we can see another example with
small black holes in Ads

FF
ab

n

A small black hole is one that is

much smaller than the Ads radius .

and evaporates .



On the boundary , we can think of

the formation and evaporation of
a

" metastable " state [ In N=u
,
we

can think of a quark gluon plasma .]

Consider times ti
,
Ez

, Ez

Es → afte c.h . evaporates

} - Ez → while l -h. exists
pb

✓#
t , ← ↳ for l -h . forms



Purely in the CFT
,
we can ask .

tf we want to distinguish the microstate

using correlations

< trocar .
- - -. Ocon) It>

T
CFT ops

how does this difficulty change if

Ti are near ti
,
Ez or E3 .



simple estimate

1) For ti near t , ,
it is relatively

easy to identify the

microstates
) For fi near Ez

,

it is difficult

to identify the microstate .

requires e
-s

accuracy
[This corresponds to using Q - G .

effects to determine the state .]

3) But the entropy of Hawking radiation
is larger than the B. It .

So
, for Ti near Ez

,

it
may require

observations with e
-s
'

accuracy



where

s
'

> s

is entropy of Hawking rad .

Systems don't "
on - thermalize

"

!

so it may
be that waiting for thel -h . to evaporate increases the

difficulty of reconstruction
.

[possible loophole : small black holes are

atypical States
,
and generic complexity

-considerations may not apply to them}

END SUGGESTIVE PART



Perspective on the Page curve from islands

There has been significant progress on

computing the Page curve in ADSKFT

These results are perfectly consistent with

our previous results .

The precise setup is as follows .

←
transparent boundary conditions

→

+EEE' fo dre gravity
in asymptotic →Ads

Ads boundary



gravity
'

II:S:*.ie/EiEIdnosravies ← / Efg:
Ads Voundavy

CFT
d- 1

The entire system can be reduced
to a CETI on a half -space ending
at a defect where a CFTD

. ,
lives

.

9h this description there is no gravity



→
Imaginary Line

I

BH

region
I

/ CFTD with| ! no gravity
I
/

Radiation

1 region
/

CFT
d- 1

In this nongravitational region , one divides
the system into two parts .

We call the region to the left the
" black hole" . Region to the right
" the radiation

"



→
Imaginary Line

1

BH

region
I

/ CFTD with| ! no gravity
I
/

Radiation

1 region
/

CFT
d- 1

In this nongravitational setup , the Hilbert

Space factorizes and we see a
"

page carve
"

for the radiation

*
time →



Comments

"

The page curve answers a nongravitational
question .

But we can use the gravitational dual
to answer it .

similar to ADSKMT or Adsl Fluid .

correspondence .
We ask a well - defined

nongravitational question and use

gravity to answer it .

eg . aw) = fairy yizw KCRW) .

+
two point density correlates

the RHS can be computed using gravity
but the

"

conductivity
" makes sense on the ldry

~ the Page curve makes sense on the ldry .



Info transfers

→
to bath

2)

gravity

in.FI?ympzo*c/EEEdno- gravity
Ads boundary

This is consistent with the principle of

holography of information .

Info is present near the boundary of
Ads

. We compute the rate at
which it is transferred to the lath

.

[ Note : we never compute the rate
at which information comes out

of B. H .]



3) The island computations are technically
correct

.

But

run run

weak weak No No

goav grav ¥
grow grav

mum

www.Thq
,

words sometimes used

we go far away from B. It .
and

then we can ignore gravity
"

involve an error we have explored repeatedly
For fine-grained g. info questions , weak grave no grace


