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Lecture 3

Black Holes in flat space .

We are concerned with black holes
Formed from collapse . On a Penrose

diagram the process of black hole

-
formation looks like this
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The full metric for this scenario is

complicated .

This kind of collapse was studied by
B . Datt and then by Oppenheimer
and Snyder . A simpler kind of collapse is
Vaidya collapse .

Bot at late times
,
the metric becomes

very simple .

We can consider geometries with spherical
symmetry . These will be sufficient

-

for
us throughout the course
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Where

FG) = I -Mrd-2
Here µ is related to the "

mass
"

through

µ=
site -d"- TCI) GMKD - t)

The horizon is at

rn = m
' 'd-2

where fan) = o



When we say t → 0
at late times ,

we mean that

t 773 after collapse

but

E K tevap
At late times

,
the classical analysis

tells us that perturbations die down
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It is convenient to move to tortoise

coordinates

dr* = de
Fcr)

-

Let us understand how r* behaves in

different limits .

Near r -50
,
fer) → I so

dr* → dr

Clearly as -→ a
, * → a

As • → rn ,
f- Cr) = 2K Cr - rn)

Here k = f
'

is called the
2



surface gravity and will be important
in our analysis later -

so hear ✓ → rn ,
we have

dr* = dry
2K Cr - rn)

and so
v* = ⇐ dog -g)2K]

^ '

=

Tchoiceofconst

so r* → -0 hear the horizon .

and r- Hh = see
2k¥

2K

9h terms of r* ,
the metric reads

ds? for) [ - dEtd¥3 toads



To cross the horizon ; one can move to

Kruskal coordinates

✓ = e.
KCH - t)

; ✓ = ekcrxttt)

Then note that

du =@t-dr.aejekCrxt-tI.dV
= cdttdnjekcrxttt)

- dUdV= ( dr*2_dE)eZk¥

But near the horizon we already
found that

e2kr*=zkCr- rn)



The constant of proportionality depends on

how we set the
"

origin
" of ¥ -

and
we set it above with prescience .

But the important fact is to note

2

ds2= -dudv t r- de
d - I

i 'm the vicinity of the horizon.

So the metric is perfectly smooth
at the horizon

.

-
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The future horizon is at V=0

and so t a log I → a



region
of
interest
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I*→ -0 It
,
r* -so

H t -so he -50

so our region of interest looks as follows

we can set up a second copy of the
Schwarzschild coordinates behind the
horizon .

There too r* → →

t → d

'

Kcvxttt)
Now u = I @

kG* - t)
s v = e

k



But notice something curious
.

For re rn ,

far) changes sign!

so t is a spacelike coordinate and

¥ is a time coordinate
.

In the U
,
V coordinates there is

no issue . We can always use

1- = Vtv
X= V - U

so the fact that space ltime
' '

interchange
"

is just a coordinate artifact
.



Propagation of fields

Now we turn to how
'

fields propagate in

this geometry
Lets consider a scalar field propagating in

this geometry , which satisfies

43-MT to = 0

Recall that
D=

fg 2mg
"

'Fg5

In tortoise coordinates

Fg = far) rd
- 1

Tgs ← From sphere part

of metric

g**= - get = fan .



so the equation becomes

⇐ ya, 2*8*2*0 II, 2ft tip Belo
- mH=o

where Br is the sphere Laplacian.

We can solve this systematically ,

but the

equation simplifies greatly near the
horizon .

Near the horizon
, we have far) -50

So only two terms remain important! we get

¥, (2*210
- 2510)=0 as →rn !



Note that

1) This is independent of the
"

angular part
"

2) This is independent of the mass

37 If there are additional interactions
,

those drop out too !

So we find
,
as a rather robust result ,

that near the horizon

⑦ → Ee- iwtc Away e- '
'W'

*
+Buege

'W¥)
w

arbitrary operator valued

Fhs on the sphere .



A basis of solutions is conventionally chosen

as follows
. We expand the field also

in a basis of spherical harmonics

Year)
T

symbol for all angular quantum numbers

Then we choose one solution to be

fincw.fr#)e-iwtYeEs)
and another to be

Fout Cw ,fr*) e
-

"wt

year)



where
-
iwrxt

fin Cw
,
I ,r*) Ef huge e

-iw¥
Footage ,r*l -7 e'

' W' *

tgw.ee
→→Is

The first solution is denoted he
'' in

"

because as t increases r* mdust decrease
to maintain constant phase

→ horizon

±
× fin
×



The second solution also has an

"

outgoing
"

term at the horizon .

It must also have an ingoing term
to remain orthogonal to fin in the
Klein Gordon norm .

→

→

/ Fout

The constant gun is chosen so that

c-d) 12 iwr*
Foot -

- Eager e as r* → N

w

Ftssignment question



so another way of thinking about
these modes is as follows

+

I

Horizon ← foot specifies data
here

×

fin specifies
data here

fine
-

"wt
is regular on the outer horizon

since t -so lot r* → a while * the remains

finite

But
,

for now , we are only looking at
their behaviour near the horizon

.
We

will return to the behavior heard later
.



Quantum mechanically ,

in this basis we can

expand

① = §fdw[Aye 80% , e.¥) +Bye fine .ec#sJeiwtyod
th - c.

we have not normalized Awe
,

Bu
,e since

we do not need the precise normalization.
But

Ange
,
Bugs are annihilation ops

their h.c.'s are creation ops .



We can also quantize fields behind the
horizon

.

However
,
now the annihilation operators

must multiply e
- iwrxt

So
,
behind the horizon we have

oozyTYPO
in current review .

* is missing .

*
④ = { Sdw [Ihyeeiwtyce) tcw.ee

- iwtye#E%t¥,
I

~ out
-
iwV* th

. c .

where Fw,eG*) → e

→ri

and it is determined away from the horizon
by the wave equation .



←region of
interest

Note we do not go
"

deep -inside
"

the horizon .

We remain at th- r

away from z~o
#I

← I and

second note that since e

-

iwctt't)
is

continuous across the horizon

cage = Aye huge t Bye gu ,e

But continuity does not fix Faye in terms
of the modes outside


