
27 January 2021 Lectures : Hawking's original paradox.

Last time
,
we derived a formula for the

temperature of a black hole

1- = I
21T

Even before this derivation it was known
that black holes obey

→ angular momentum

DM = kdA-trd-tpdo.es
charge

81T T ↳ electric potentialT
angular velocity

mass
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This is a lot like the laws of thermodynamics
d U = Tds t work - terms
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Before the derivation of the temperature
one might have thought that this was

a manifestation of
"

the same =ns have

the same solutions" ( Feynman)
.

But the temperature derivation tells us we
should take the thermodynamic interpretation
seriously -

Also
S= A
-

4



so
, black holes are thermodynamic
objects with a lot of entropy .

For the sun

s ~ lot !

we will return to the significance of

this issue repeatedly .

Now turn to our first paradox .



The Info paradox was first outlined by
Hawking in

'' Breakdown of predictability
in gravitational collapse

"

several versions of the Info paradox
have been developed , and it is common

to use the term "

Hawking paradox
" for

arguments that do not appear in

Hawking's paper .

We will closely follow the argument
in this paper

.

This paradox is relatively easy to solve
.

We will later encounter more formidable
paradoxes .



From Hawking's paper

This is simple to understand .

since the black hole radiates at temperature
T

,
its mass decreases at the rate

DM = -
c A TITI

-

n T T
dt spacetime dim is Td 'T/ 'jreaorisor

constant

depends on

greybody factors
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time L send a A-
,
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T

so after some time
,

in an isolated
universe

,

a black hole would evaporate
entirely .

The flux of radiation increases as the
-black hole becomes smaller

.



Next
, Hawking points out that even classically

the state at It is not enough to
dermine the state on I -

mg we need data on
H

.

H VIT
It

I
to get data here



previously with
.

the field expanded as

⑨ =eEfdw[ Aye sohu.fr#tBw.eficFe.r*I3e-iwyetce,
the .

We defined awe as smeared versions of
A- eye and found that



< aw.eaw.it = ÷epw
This leads to a flux at future null infinity .

iwafoutcw.fr#)e-iwtn I e Eye
.

old-1112

So Tau ~ dud dud is non - zero at It

But This F.lui does not care about

the state of the Bugs [as we

discussed during the lectures]



(b) we can compute this flux
. Hawking computes

the term with the gieylody factor .
.

which

is directly related to the flux at infinity

we compute for simplicity polynomials og

Nw = Awt aw ← Note ordering

Nw = 7- ; NwZ= Item .
. .

e.PTI @
Bw - if



One way to see this is to focus on

the equation

@w.e - afyee
-Buk
) It> - o

tf we focus only on the state of

these two harmonic oscillators we can
" solve"

e

-Bwtaweawe
1Nw=o

,
Fw -07It> = e

④ (other Iof) .

For such a state

q

L Nw! > = tr ( Pwa Nwa)



where
-

Pw Nwa
Pw ,e =
I e

I - e
- Bw

is the thermal density matrix .

If one specifies the expectation value of
all polynomials of Nye for arbitrary use

this seems to specify the state at

It .

Note this density matrix does not correspond
to a pure state .

So even if we start with a pure
state on I

-

, we seem to always
end up with a thermal state onIt .



This is obviously a paradox.
.

Under

unitary evolution

it> → U It>

and so the initial density matrix

It> Lt> → Ult> strut

The black hole seems to produce a

mixed state at late times

2

It> Lil → Elcil Hist ;)

which is inconsistent with unitary
evolution .



A pure state contains all information
about the system .

A mixed state is a probabilistic
mixture of pure States

.

A mixed state can always be thought
of as arising because we have a
large system and throw away information
about one part .

So the evolution from a pure to a mixed
state suggests loss of information

.



Hawking explained his intuition for

why this was happening .

Since the observer at It does

not know about the
"

Bw
"

modes
,
this observer must

adopt a principle of ignorance
about the interior .

Say
.

the state on I
-

'

can be represented
in a Hilbert space HI

to
-

E Ha
A

TEO emphasize state
is avector

w E Hz ← state of horizon or
interior

"hidden surface"

+
t
E Hz ← state on It

ffinolstatepartofhzxottzyc-NEYEwsasFZPL.iq:ggmf§.



Then unitary evolution tells us we can

compute an amplitude using a
"
s-matrix"

SABC tf tf
"

tht

tf we later
"
throw away

"
information

about THB
,
we can only compute

the provability to obtain It as the
final state not the amplitude .

The probability is

*
€ SABC ta t 't tf stage x¥*x"z*x¥*

*
* *

= E Saps, SF Betatin tatter .

-
Pce



By
"

tracing out
"

part of the final state

using the
"

principle of ignorance
"

,
we get

a density matrix .

Hawking referred to a
"

super scattering operator
"

that would take us between pure
States and mixed states .

There is a way to summarize this

argument diagrammatically



← Radiation here is thermal .

mum

+
Information here

is destroyed
in singularity .

Extended Penrose Diagram

This is not a

rigorous
Penrose diagram .

It is meant to schematically - show how

information is lost
,
and the causal

structure of a B. It . spacetime is
different from Minkowski space .



There is a final important point Hawking
made.

In the final stages of evaporation , the
B. It . becomes

very small and Qrf .
is

important -

could all the information emerge in the end ?

No ! Information is stored in microstates

if the number of microstates below a

given energy is hounded
,

information about

an arbitrarily large black hole cannot



be stored with small energy .

This is why
" remnants

"
are not viable

we would now like to examine if

Hawking's argument For information loss is

valid .

The main calculation is the thermal spectrum
for the aw

,
modes

.

This is supported by intuition from the
causal structure of the geometry .



we would like to ask two questions

is Does Hawking's calculation really imply
that the final state is mixed ?

2) Is the intuition from the causal structure
valid at the accuracy required .

First we will take a detour into quantum
statistical mechanics

.


